New 3D beam finite element including non-uniform torsion will be presented in this contribution which is suitable for analysis of beam structures of open and closed cross-sections. The secondary torsion moment deformation effect will be included into the stiffness matrix. Results of the numerical experiments will be discussed and evaluated.
Introduction
The effect of warping must be assumed in stress and deformation analyses of structures above all with thin-walled crosssections loaded by torsion. Warping effects occur mainly at the points of action of the concentrated torsion moments (except for free beam ends) and at sections with free-warping restrictions. Special theories of torsion with warping -non-uniform torsion -have been used to solve such problems analytically (e.g. [1] ). The analogy between the 2nd order beam theory (with tensional axial force) and torsion with warping is also very often used (e.g. [2] , [3] ). One has to point out that in the literature and practice, as well as in the EC-3 [4] and EC-9 [5] guidelines, strong warping is assumed to occur in open crosssections only. Warping-based stresses and deformations in closed sections, however, are assumed to be insignificant and have been therefore neglected.
According to the above mentioned theory of torsion of open cross-sections with warping and the analogy, special 3D-beam finite elements have been designed and implemented into the finite element codes (e.g. [6] , [7] ). The warping effect is included through an additional degree of freedom at each nodal point -the first derivative of the angle of twisting of the beam cross-section. Important progress in the solution of torsion with warping has been reached in papers [8] and [9] where a combination of boundary and finite element method was used allowing a warping analysis for composite beams with longitudinally varying cross-section.
However, latest theoretical results have shown that the effect of warping must be considered in the case of non-uniform torsion of closed-section beams [10] . For prismatic beams, the analogy between the torsion with warping (including the secondary torsion moment deformation effect) and the 2nd order beam theory (including the shear force deformation effect) has to be used. This approach was implemented into the computer code IQ-100 [13] . This analogy does not hold for nonprismatic beams [11] . According to the last research results in this area ( [10] , [11] , [12] , [14] ), the local stiffness relation of a new two-node finite element for torsion with warping of straight beam structures is presented in contribution [15] ; again based on the above-mentioned analogy. The warping part of the first derivative of the twist angle has been considered as the additional degree of freedom in each node at the element ends which can be regarded as part of the twist angle curvature caused by the warping moment. This new finite element can be used in non-uniform torsion analyses of open and closed cross-section beams. Finally in [16] , the boundary element method has been applied in the non-uniform torsion analysis of simply or multiplies connected bars of doubly symmetrical arbitrary constant cross-section, taking into account secondary torsion moment deformation effects. Necessity of the non-uniform torsion effect in the analysis of close shaped crosssection has been confirmed.
In this paper, a new 3D beam finite element will be presented which is suitable for structural analysis of 3D beam structures. The classic 12x12 local stiffness matrix of the 3D beam finite element will be enhanced to 14x14 stiffness matrix. The warping part of the first derivative of the twist angle has been considered as the additional degree of freedom in each node at the element ends which can be regarded as part of the twist angle curvature caused by the warping moment. The transformation of the local finite element equation to the global finite element equation will be done. The derived finite element equations will be implemented into the computer program and the numerical experiments will be done. Results of the numerical analysis concerning the spatial combined loading of chosen beam structures of open and closed cross-section will be presented and discussed. Figure 1 ] is the secondary torsion constant; E is the Young's modulus; G is the shear modulus. In order to include the warping, a new degree of freedom is added to the classical nodal variables in the stiffness matrix in each element nodal point. The warping part of the first derivative of the twist angle ( M ϑ′ ) has been considered as the additional degree of freedom in each node at the element ends [15] . This can be regarded as part of the twist angle curvature which is caused by the warping moment. This choice brings advantages when applying the boundary conditions. If the secondary torsion moment deformation effect is not considered
The local and global finite element equations

Local finite element equation
. The nodal displacement vector in the local coordinate system, as shown in Fig. 1 , is
and the respective nodal load vector is
where ,  3  10  ,  3  5  ,  3  3  ,  3   13  ,  2  9  ,  2  6  ,  2 The stiffness terms in (14) are: 
= . sections where the effect of the secondary torsion moment has been assumed insignificant. Deformation effect of the secondary torsion moment must be considered first of all in the case of the closed form cross-sections as demonstrated in [3] . The expressions for calculation of the secondary torsion constant (denoted as Ts I ) depend on the cross-section type. These can be found in [8] and [12] , for example. When the kinematic and static variables in Eq. (4) are known at the nodal points, the nodal forces, bending moments, primary and secondary torsion moment, normal and shear stress can be calculated in a usual way [19] . The nodal points' secondary torsion moments are:
The primary torsion moments at the nodal points are:
Expressions for the shear and normal stress calculation depend on the cross-sectional area type. This problem has been described in detail in [10] . These expressions will be used for stress calculations in our numerical examples. For the straight beam structures the local relation (4) coincides with the global one. This new finite element can be used for analysis of torsion with warping of constant both open and closed-shaped cross-sections. The implementation of the expression (4) into the local equation of the general 3D-beam finite element is straightforward, and it will be done in the next chapter.
Global finite element equation
Local element stiffness matrix (4) after formation has to be transformed to global coordinate system. The transformation is performed by extended transformation matrix and can be formally expressed as
where K L is local element stiffness matrix, T is transformation matrix and K G is element stiffness matrix transformed to global coordinate system. Transformation matrix T has dimension 14x14 and can be expressed as 
where submatrix T a with dimension 3x3 has classical form [ANSYS].
Numerical experiments
In this sub-chapter, the authors present a numerical study of a closed-section prismatic beam loaded by non-uniform torsion and a concentrated force (Fig. 8) . In the analysis, the bending and non-uniform torsion parameters will be calculated by the new 3D beam finite element. The material properties of the prismatic cantilever aluminium beam (Figure 8 Bending and warping deformations are calculated separately to point out the advantages of the new 3D beam element in comparison with traditional commercial FEM approach.
Normal and shear stresses (Fig. 9 ) at any point of the beam can be calculated according to [1] , [12] , [13] In support of the new 3D beam element, the authors wish to point out that using only two new 3D beam elements for this analysis one obtains satisfactory results (see Table 1 and Fig. 11 ) even for non-uniform torsion parameters. Moreover, the presented results are in very good agreements with the recently obtained experimental data [17] .
Conclusions
New 3D beam finite element including non-uniform torsion is presented in this contribution which is suitable for analysis of beam structures of open and closed cross-sections. The secondary torsion moment deformation effect has been included into the stiffness matrix. Results of the numerical experiments show very high effectiveness and accuracy of our new beam finite element.
